Introduction
There is a proliferation of methods [6, 71 for resolving the kinematic redundancy of a k e d base, serial link manipulator based on its kinematic velocity model:
where 4 is the ( n x 1) vector of joint velocities and J = J ( q ) is the ( m x n) Jacobian matrix which is assumed t o possess full rank m (< n). It is assumed that a trajectory for the end effector has been specified, thus the ( m x 1) vector of Cartesian velocities j . is a known quantity in eq. (1).
Three such methods for determining solutions for joint velocities based on eq.
(1) have been developed by researchers at the Oak Ridge National Laboratory (ORNL), namely: (i) the Input Relegation Control (IRC) Method [l, 21; (ii) the Belmans and Culioli (B&C) method [3, 41; and (iii) an extension of the B&C method termed Full Space Parameterization (FSP) [5] . Naturally, there should be some connection among the methods, but to date there has been no investigation of a possible connection among them. Therefore, the purpose of this paper is to perform an analytical comparison of the three methods with added focus on identifying limitations and/or deficiencies associated with them.
As will be reviewed, a key feature of the IRC method is that it describes all possible solutions to eq. (1) as linear combinations of the exact range space of JT and the null space of J (here superscript T denotes a transpose). With IRC, the known vector j . parameterizes the former subspace and the latter is parameterized using a minimal number of independent variables. Since the exact range space of JT and the null space (of J ) span the n-dimensional articular space, all other solution methods can be expressed in terms of this basis. After reviewing the latter two methods, the comparison commences by expressing the solution for the joint velocities obtained by the B&C method in terms of the IRC basis which separates it into its end effector motion inducing and self motion inducing components. This leads to several new insightful observations about the B&C solution: (i) only the self motion component is a function of the p = ( n -m + 1) scalar variables { p l , p2, . . , p p } subjected to the constraint pk = 1 introduced in [3,4], (ii) these variables along with the constraint, in fact parameterize the null space of the Jacobian, and (iii) self motion inducing joint velocities cannot be obtained by the B&C solution when the end effector is stationary. The IRC method can induce joint self motion in this configuration. The comparison presented here is based on how the three methods choose variables to parameterize the null space of the Jacobian matrix and on the joint velocity solutions which are explicit functions of these variables. The application of the methods to local optimization is not addressed in this report. It should be mentioned that the comparison of the three redundancy resolution methods is accomplished with the quantities { rn, n ) being general where ( m < n).
The report is organized as follows: The three methods are reviewed in section 2. The comparison of the IRC and B&C methods is presented in section 3. The IRC and FSP methods are compared in section 4. The unification of the B&C and FSP null space parameterizations and joint velocity solution methods is discussed in section 5. Constraint free representations of the B&C and FSP joint velocity solutions are derived in terms of the IRC basis and compared to IRC in Appendix A. A summary and conclusion are provided in the find section. 
Review of the Three Methods
The three redundancy resolution methods developed at ORNL are reviewed in this section.
Input Relegation Control
In Input Relegation Control (IRC) [l] , a new vector variable 6 = [el, €2, . . . , E , -, ]~ is introduced which parameterizes the null space of the full rank Jacobian J . The vector E is defined by:
where the n -m row vectors comprising matrix B = B(q) are selected such that the composite matrix S, defined by: is nonsingular. It is convenient to partition the inverse of S into two matrices:
where E = E(q) and F = F(q) are ( n x m ) and ( n x ( n -M ) ) matrices, respectively.
Eqs. Eqs.
(1) and (2) can be combined and solved for the joint velocities [l] :
The first and second terms to the right of eq. ( 6 ) are the particular and homogeneous solutions to eq. (l), respectively. The latter term ( F E ) induces joint self motions that do not &ect end effector motion. In [2] , it was shown that any vector in the n-dimensional articular space can be expressed in terms of a basis V defined by:
Indeed, matrix E can be expressed as: which induces joint self motion in the general case. If B is selected such that BT lies in the null space of J , i.e., J BT = Omx(n-m), then ( E 5 ) has no self motion component [2] .
It is insightful to substitute for E in eq. (6) using eq. (9) 
B&C then redefined the vectors elc as n-dimensional vectors in the articular space, setting the n -m complimentary components to zero. Specifically, if the submatrix Jk is formed by In this report it will be assumed that p = n -m + 1. When using the B&C method, the designer must choose p square and nonsingular submatrices of the Jacobian. The choice is not unique and is, in fact, configuration dependent. ,
FUII Space Parameterization Method
The Full Space Parameterization (FSP) method builds on the earlier work of B&C [3,4] by proposing a solution to the homogeneous system:
where, here again, it is assumed that J has full rank m. Any solution to eq. (14) must lie in the null space of J and will induce self motion of the joints. The solution proposed in [5] is given by:
In eq. 
Comparison of B&C and IRC Methods
To compare the B&C and IRC methods, it is useful to express the n-dimensional vector qk defined below eq. (11) Suppose that & is expressed in terms of the basis V defined in eq. (7): is not a function of the variables { P I , p 2 , . . . , pp}. Indeed, these variables only affect the self motion of the manipulator and, in fact parameterize the null space of the Jacobian provided that they satisfy eq. (13). These findings are new results not understood in the previous work 13, 41. It will be useful in the ensuing development to express eqs. 
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We identify a limitation associated with the B&C method and investigate the linear relationship between E and p in the following subsections.
Limitation of the B&C Method
It is well known that a kinematically redundant manipulator can exhibit joint space motions while the end effector is stationary. Eq. Since F has full rank and the elements of E are independent, eq. (30) describes all possible solutions for the joint velocities when the end effector is stationary.
Linear Relationship Between E and p
The IRC joint velocity solution and the solution obtained using the B&C method are identical when the coefficients of F in eqs. Provided that vector p is selected such that eq. (24) is satisfied, E can be calculated as a linear function of p using eq. (31).
It is of interest to investigate the inverse relationship, Le., computing j ,~ as a linear function of E . To study this problem, it is convenient t o combine eqs. Provided that E # O(n-m)xl, the equations comprising eq. (32) are inconsistent and cannot be solved for , u when the end effector is stationary. This confirms that self motion inducing joint velocities calculated using eq. (10) cannot be calculated using eq. (25) when the end effector is stationary.
A constraint free representation of the B&C solution to eq. (1) is derived and compared to the IRC solution in Appendix A.
Comparison of FSP and IRC Methods
It is insightful to express the family of solutions to eq. 
We identify a limitation associated with the FSP method and investigate the linear relationship between E and w in the following subsections.
Limitation of the FSP Method
The 
Linear Relationship Between 6 and w
The self motion component of the IRC solution to eq. (1) and the joint velocity solution to eq. (14) obtained by the FSP method are identical when the coefficients of F in eqs. (10) and (36) equate. This leads to a linear relationship between E and w :
Provided that vector w is selected such that eq. (35) is satisfied, E can be calculated as a linear function of w using eq. (39).
It is of interest to investigate the inverse relationship, i.e., computing w as a linear function of E . To study this problem, it is convenient to combine eqs. We propose a new set of variables {VI, u2, . . . , up}, where Vk is defined by:
where a is an arbitrary constant. Noting eqs. (13) and (16), it is easy to verify that:
A family of particular solutions to eq. (1) can be expressed in terms of the variables 
Discussion and Conclusion
The report has provided an analytical comparison of three redundancy resolution methods developed by researchers at the Oak Ridge National Laboratory. We have focused on how the methods choose variables to parameterize the null space of the full rank ( m x n ) Jacobian matrix J and on the joint velocity solutions which are explicit functions of these variables.
The Input Relegation Control (IRC) method describes all possible solutions to the kinematic velocity model (eq. (1)) using linear combinations of two orthogonal subspaces: the mdimensional exact range space of the transposed Jacobian and the ( n -m)-dimensional null space (of the Jacobian). The null space is parameterized using the minimal number of
The components of E are independent.
The joint velocity solution obtained by IRC (see eq. (6) It is logical and reasonable that a kinematic redundancy resolution method should be able t o describe the joint self motion of a manipulator when its end effector is moving or is stationary. The IRC method is capable of doing this and provides all possible solutions to eq. (1) using a minimal number of null space parameters. The authors conclude that the IRC method proposed by them is superior to the B&C [3,4] and FSP [5] 
A.l Constraint Free Representation of B&C Solution
We will express eq. 
A.2 Constraint Free Representation of FSP Solution
We will express eq. (34) in terms of an independent subset of ( 0 1 , w2, . . . , wp} in this section. Without loss of generality, wp will be become an implicit variable. Substituting for w p in eq. (34) using:
and rearranging terms yield:
The designer may now calculate the joint velocity solution to eq. (14) obtained by the FSP method in a constraint free manner using eq. (A.9).
It is helpful to express eq. (A.9) in a matrix-column vector form: 
